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Abstract
In this paper, we provide a group-theoretic computer-free construction of some 10-arcs in
PG(2; q) which have the dihedral group of order 6 as stabiliser and which have similar geo-
metrical properties to some complete 10-arcs of minimum size in PG(2; q); for q = 17; 23:
Having at one's disposal such 10-arcs in PG(2; q); for almost all q; we analyse, by means
of a computer search, some possibilities of completing them and we prove that such 10-arcs
give a way of determining several examples of very small complete arcs in PG(2; q): For
q = 17; 23; 43; 49; 53; 61; 79; 101; 103; 107; 113; 121; 127 we determine examples of arcs with size
smaller than or equal to the known complete arcs. c© 1999 Elsevier Science B.V. All rights
reserved.
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1. Introduction
Let PG(2; q) be the projective plane over the nite eld of q elements, q=ph with
p prime. A k-arc K consists of k points of PG(2; q) with at most two points on any
line of PG(2; q): A k-arc is called complete if it is not contained in a (k + 1)-arc.
Several natural problems on complete k-arcs arise immediately (see [4]). The central
problem (called the packing problem) is the determination of m(2; q), the largest size
of k for which a k-arc exists. The second interesting problem is the determination
of t(2; q); the smallest size for which a complete k-arc exists. We refer to, [4,5] for
detailed information on arcs.
Coding theory provides a motivation for these problems, which have equivalent
formulations in nite projective spaces and coding theory. The classical example, that
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Table 1
q t(2; q)>
q
p
2q + 1
q prime
p
3q + 12
q = p2; p prime
p
3q + 12
q = p3; p prime
p
3q + 12
Table 2
q 2 3 4 5 7 8 9 11 13 16 17 19 23 25 27
t(2; q) 4 4 6 6 6 6 6 7 8 9 10 10 10 12 12
is, the equivalence of linear maximum distance separable (MDS) codes and arcs in
projective spaces, has been stressed in many books on nite geometries and coding
theory (see [5]).
Much work has been done on nding complete arcs with the maximum possible
number of points. On the other hand, not much progress has been made on determining
the minimum possible size t(2; q) for q>29; and the cardinalities of the known small
complete k-arcs are still relatively high with respect to theoretical lower bounds. In
general, the lower bounds given in Table 1 are known (see [4, Table 2:6, 2]).
The number t(2; q) is only known in some small planes and is given in Table 2.
For q623; see [4, Table 2:5]; for q= 25; 27, see [6].
To search for arcs of minimum order, it is important to have at one's disposal arcs
which are not only of small cardinality but also highly saturated; in fact, analysing
the various possibilities of completing them gives a way of determining examples of
very small complete arcs.
The aim of the paper is to give a general construction of 10-arcs in PG(2; q) valid
for almost all values of q; in particular, in the cases q= 17; 23, this construction pro-
duces complete 10-arcs which, as was proved by computer search in [1], are complete
arcs of minimum order in these PG(2; q): These complete 10-arcs have many interest-
ing and unusual properties. In this paper, we provide a group-theoretic computer-free
construction of such complete 10-arcs.
The impetus for this paper comes from the geometrical characteristics of the complete
10-arcs in PG(2; q), for q=17; 23; and of the group that stabilises them; this stabiliser
is the dihedral group of order 6. The action of such a group on the points of the
10-arcs produces three orbits: one of order 1, one of order 3 and one of order 6.
Thus, having available complete 10-arcs which, as mentioned above, are of minimum
order, the next question is whether, for every q, there exists a 10-arc in PG(2; q) which
has the dihedral group as stabiliser and which has similar geometrical properties to the
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10-arcs of PG(2; q); q = 17; 23: In what follows, we establish the existence of such a
10-arc.
Furthermore, having at one's disposal such 10-arcs we analyse the various possibili-
ties of completing them and we prove they give a fast way of determining examples of
very small complete arcs in some PG(2; q). Also, for q=43; 49; 53; 61; 79; 101; 103; 107;
113; 121; 127; their size is smaller or equal to that of all known complete arcs in the
corresponding projective planes.
2. Some 10-arcs that have the dihedral group of order 6 as stabiliser
The rst step in the construction is to determine a set of 10 points which has the
dihedral group of order 6 as stabiliser, and to choose a convenient coordinate system.
Since under the action of its stabiliser the set is partitioned into 3 orbits 1, 2, 3 of
1; 3 and 6 points, respectively, let 1 = f(1; 1; 1)g and 2 = f(1; 0; 0); (0; 1; 0); (0; 0; 1)g
be the orbits of cardinalities 1 and 3, respectively. The dihedral group of order 6 can
be taken as f0; 1; 2; 3; 4; 5g where
i : X 7! AiX;
X = (x0; x1; x2)t ;
A0 =
0
@
1 0 0
0 1 0
0 0 1
1
A; A1 =
0
@
1 0 0
0 0 1
0 1 0
1
A; A2 =
0
@
0 1 0
1 0 0
0 0 1
1
A;
A3 =
0
@
0 0 1
0 1 0
1 0 0
1
A; A4 =
0
@
0 0 1
1 0 0
0 1 0
1
A; A5 =
0
@
0 1 0
0 0 1
1 0 0
1
A:
Let (1; a; b) be a point of the orbit 3 of cardinality 6. Then its orbit 3 is
3 = f(1; a; b); (1; b; a); (a; 1; b); (b; a; 1); (b; 1; a); (a; b; 1)g:
Thus, the 10-set is a function of a and b; we denote its points as follows:
A= (1; a; b); F = (0; 0; 1) = e2;
B= (1; b; a); G = (a; b; 1);
C = (1; 1; 1); H = (a; 1; b);
D = (1; 0; 0) = e0; I = (b; 1; a);
E = (0; 1; 0) = e1; L= (b; a; 1):
The pencil of conics through A; B; C; D is given by C(k):
(x1 − x2)[− x0(a+ b) + x1 + x2] + k(ax1 − bx2)
[x0(a− b) + x1(b− 1) + x2(1− a)] = 0:
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We now impose the following restriction on a; b:
a 6= 0; 1; b 6= 0; 1; a 6= b: (1)
The non-degenerate conics of the pencil correspond to the values of k distinct from
0 and 1=(a− b).
Let C1 be the non-degenerate conic through F with parameter k1 = 1=b(a− 1). Next
let G = (a; b; 1) be on C1; by substituting (a; b; 1) into the equation of C1, we have
(b+ a)(1 + ab)− 2(a2 + b2) = 0: (2)
Requiring L = (b; a; 1) to lie on C1 leads to the same relationship (2) between a
and b. Thus under condition (2) the conic C1 = C(1=b(a − 1)) contains the points
A; B; C; D; L; F; G.
Similarly, the conic C2 = C(1=a(1− b)) is non-degenerate and contains the points
A; B; C; D; I; H; E;
under the same condition (2).
Lastly, consider the pencil of conics through C; E; F; G :
~C(h) : (x0 − x2)(bx0 − ax1) + h(x0 − x1)(x0 − ax2) = 0:
The conic C3 = ~C((a− b)=(a− 1)) of this pencil is non-degenerate and contains the
points C; E; F; G; H; I; L; again under the same condition (2).
We now impose one further restriction:
the line AF must be tangent to C2 at A:
Thus, if f = 0 is the equation of C2, this restriction gives (@f=@x2)j(1;a;b) = 0 that is
b=
a(a− 2)
1− 2a ; (3)
where a 6= 12 ; 2.
Similarly, imposing the condition that the line EG is the tangent to C1 at G gives
b(a− 1)(−a2 − ab+ 3b− 1) + a(a2 − ab+ b2 − b+ 1− a) = 0: (4)
Eqs. (2) and (3) (and likewise (3) and (4)) give
a2 + 11a+ 1 = 0; (5)
since a 6= 0; 1.
Thus:
Proposition 1. With respect to (5); we have the following:
(i) If the characteristic of the eld is not 2 or 3 there are two solutions
a=−11
2
 3
p
13
2
provided
p
13 belongs to the eld; and a 6= 0; 1; 2; or 12 .
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(ii) The characteristic of the eld is 5 if and only if b=−1.
Proof. (i) If the characteristic of the eld is 2, q = 2h, conditions (5), (3), (2) on a
and b reduce, respectively, to a2 + a+ 1 = 0; b= a2; a3 = 1.
But then the points
A= (1; a; b) = (1; a; a2) and G = (a; b; 1) = (a; a2; 1) = (a; a2; a3) = (1; a; a2)
coincide, which is not acceptable. Thus there is no solution if the characteristic of the
eld is 2: Also, if the characteristic of the eld is 3, conditions (2) and (5) have the
unique solution a=2; b=0, which is unacceptable, as b cannot be 0. Therefore there
is no solution in this case.
(ii) If the characteristic of the eld is 5, the conditions on a reduce to a2+a+1=0:
Then b=−1: Conversely, if a solution for b to Eqs. (2), (3) and (5) is b=−1, then
a2−4a+1=0. Together with (5), this last equation gives 15a=0. So the characteristic
of the eld is 5 as it cannot be 3.
Lemma 2. Let q= ph: Then 13 is a square in GF(q) if one of the following holds:
(i) 13 is a square in GF(p); in which case p  1; 3; 4; 9; 10; 12 (mod 13);
(ii) 13 is a non-square in GF(p); in which case p  2; 5; 6; 7; 8; 11 (mod 13) and h is
even.
For the rest of the paper, only those values of q which satisfy the above lemma are
assumed. We note that 2 has the following eect:
A= (1; a; b) 7! (a; 1; b) = H;
C = (1; 1; 1) 7! (1; 1; 1) = C;
D = (1; 0; 0) 7! (0; 1; 0) = E;
E = (0; 1; 0) 7! (1; 0; 0) = D;
F = (0; 0; 1) 7! (0; 0; 1) = F;
H = (a; 1; b) 7! (1; a; b) = A:
Thus 2 xes the conic C2, and maps FA into FH. Thus, FH is tangent to C2 at H .
Theorem 3. The two 10-sets corresponding to the two possible values of a (and b)
are two 10-arcs of PG(2; q); q= ph where
p 6= 2; 3; 5; 13
and q is as prescribed by Lemma 2 with q> 9.
Proof. As noted before, the 10-set does not exist if p=2; 3; 13. The case p=5 will be
excluded later. Let k1 be one of the two 10-sets in PG(2; q), where q is an admissible
value. Since fC;D; E; Fg is a 4-arc, any n-secant of k1, n>3, is incident with at least
one point of the orbit 3: Since the stabiliser of k1 is 1−transitive on 3; it is sucient
to show that A(1; a; b) is not on any n-secant of k1; n>3.
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Note that no pair of points on C1nfAg or C2nfAg are collinear with A, since no
three points of a conic are collinear. We need to show that A is not collinear with two
points, one from fI; H; Eg and one from fF;G; Lg:
(I) Since AF is tangent to C2 at A; no other points of C2 lie on AF ; in particular
I; H; E 62 AF:
(II) Suppose A; I; L are collinear. Then 1fA; I; Lg =fB; L; Ig are collinear. Hence A; I; B
are collinear. This is a contradiction, since A; I; B lie on C2:
(III) Suppose A;H;G are collinear. Then 1fA;H;Gg= fB;G;Hg are collinear. Hence
A; B; G are collinear. This is a contradiction, since A; B; G lie on C1:
(IV) Suppose A;H; L are collinear. Then 2fA;H; Lg = fH; A; Gg are collinear. Hence
A; L; G are collinear. This is a contradiction, since A; L; G lie on C1.
(V) A does not lie on EG since EG is tangent to C1 at G, and A 2 C1:
(VI) Let  be the projectivity given by X ! MX where
M =
0
@
b 0 1
1 1 a
a a b
1
A:
Note that jM j= b(b− a2) 6= 0 since b 6= 0; and
b= a2 =
a(a− 2)
1− 2a ) a= 0 or a
2 = 1
which are unacceptable by (1) and because, for a=−1; the points
A= (1; a; b) = (a2; a; a2) and L= (b; a; 1) = (a2; a; a2)
coincide (amongst others).
Now, 4(F) = 4(F); and so 24(F) = 
2
4(F):
Since F; 4(F) = D; 24(F) = E are non-collinear, (F); 4(F); 
2
4(F) are also
non-collinear.
Thus, (F) = A; 4(A) = I; and 24(A) = G are also non-collinear.
(VII) Lastly, A; E; L are collinear i b2 − 1 = 0: But b 6= 1; and b = −1 implies the
characteristic of the eld is 3 or 5.
Hence, if p 6= 5 (nor 2; 3 or 13 as previously mentioned) these 10-sets are
10-arcs.
We denote these two 10-arcs of PG(2; q) by DKai ; i=1; 2; where a1; a2 are the two
possible values of a 2 GF(q) as in Theorem 3.
3. The smallest complete arcs in PG(2,17)
Faina et al. [1] determined the spectrum of cardinalities of complete k-arcs in
PG(2; 17) by means of an exhaustive computer search.
Table 3 summarises the results on this topic (see also [8]). From now on, let (x)
denote the number x, if known, of all projectively distinct complete k-arcs in PG(2; q),
for a xed integer k.
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Table 3
q t(2; q) Other sizes k of complete arcs in PG(2; q) m(2; q)
17 10 (560) 11 (2644), 12 (553), 13 (8) 18 (1)
Thus there exist 560 projectively distinct complete 10-arcs in PG(2; 17): By computer-
free calculation we arrive at the following.
Theorem 4. DKa1 and DKa2 are two amongst the 560 projectively distinct complete
10-arcs in PG(2; 17):
Proof. From Section 2, we obtain that
DKa1 = f(0; 0; 1); (0; 1; 0); (1; 0; 0); (1; 1; 1); (1; 3; 7);
(1; 5; 15); (1; 6; 8); (1; 7; 3); (1; 8; 6); (1; 15; 5)g;
DKa2 = f(0; 0; 1); (0; 1; 0); (1; 0; 0); (1; 1; 1); (1; 3; 15);
(1; 5; 6); (1; 6; 5); (1; 7; 8); (1; 8; 7); (1; 15; 3)g:
Let P = (0; 0; 1) and let Q = (0; 1; 0): First note that all of the lines joining P or Q
with every point R, with R 2 DKainfPg or R 2 DKainfQg; are represented by
x1 = jx0 or x2 = jx0; for j 2 J = f0; 1; 3; 5; 6; 7; 8; 15g:
Let L be the set of all such lines. It follows easily that for each of the points
(1; ; ); ;  2 J;
there exists a line l 2 L; such that (1; ; ) 2 l:
Consider now the set
S = f(1; ; ); ;  2 GF(17)nJg:
From a quick counting argument, it follows that for each X 2 S; there exist a line
l 62 L; such that X 2 l: So we get the completeness of DKai ; i = 1; 2:
An exhaustive computer search was made amongst the 560 projectively distinct
complete 10-arcs in PG(2; 17) showed that
Theorem 5. In PG(2; 17); there are exactly eight projectively distinct complete 10-arcs
with the dihedral group of order 6 as stabiliser.
Proof. A detailed presentation of all results would be very space consuming. The
details can be obtained from the authors.
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Table 4
q t(2; q) Other sizes k of complete arcs in PG(2; q) m(2; q)
23 10(1) 12, 13, 14, 15, 16, 17(5) 24(1)
4. The smallest complete arc in PG(2,23)
Faina et al. [1] determined also the spectrum of cardinalities of complete k-arcs
in PG(2; 23) by means of an exhaustive computer search and an application of some
results of Gordon [3] on orbits of arcs in projective spaces. Table 4 summarises the
results on this topic.
Thus there exists, up to projectivities, only one complete 10-arc in PG(2; 23): At this
point one may ask if at least one amongst DKa1 and DKa2 gives exactly the unique
complete 10-arc of PG(2; 23): At this pourpose, we prove the following
Theorem 6. DK15 is the only (up to projectivities) complete 10-arc of PG(2; 23):
Proof. Let
D1 = AC \ BD = (a+ b− 1; b; a) and D2 = AD \ BC = (a+ b− 1; a; b):
The condition that G lies on D1D2 is
−a(b+ a) + (a+ b− 1)(b+ 1) = 0;
since a 6= b. Substituting (3) gives
f(a) =−3a4 + 4a3 − 5a2 + 5a− 1 = 0: (6)
Recalling (5), f(a) =−409a2 − 32a− 1 mod (a2 + 11a+ 1); so from (6) we have
136a+ 7 = 0: (7)
Also,
409a2 + 32a+ 1 = 0) a
2
21
=
a
−408 =
1
4467
) 35  13 23 = 0:
Since the characteristic of the eld cannot be 3 or 13; it is 23.
Hence from (7), we have a=15. It is easy to check, in a similar way to the previous
case q= 17, that the above 10-arc of PG(2; 23) is complete.
5. Computational results for the completion of DKa1 and DKa2 in
PG(2,q), 296q6127
It easy to check that Theorem 3 works for the following values of q6127:
q= 17; 23; 29; 43; 49; 53; 61; 79; 101; 103; 107; 113; 121; 127:
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Table 5
The plane PG(2; 29)
DKa1 DKa2
I 14 14
II 31 92
III I (26), Z2 (5) I (54), Z2 (28)
Since Table 2 shows that t(2; q) is until now unknown for q>29; an important problem
is to determine also some sporadic small complete arcs in PG(2; q); for q>29: To
achieve this, by means of an exhaustive computer search, we obtained all of the smallest
complete arcs of PG(2; 29) containing either DKa1 or DKa2 : Finally, for each
q 2 f43; 49; 53; 61; 79; 101; 103; 107; 113; 121; 127g;
we computed some complete arcs of PG(2; q) containing either DKa1 or DKa2 , and
such that, in all cases, their sizes are smaller or equal than the one of all known
complete arcs in the corresponding projective planes.
From now on, let DKa1 be the 10-set corresponding to the complete 10-arc in
PG(2; 23):
All the computations were made using the mathematical software MAGMA and a
package in C programming language given in [7].
5.1. The projective plane PG(2; 29)
Table 5 presents the results of our computation, for each of the two 10-arcs DKa1 ;
DKa2 in PG(2; 29): The size of the smallest complete arcs containing them is given
in the rst row. The second row gives the number of such complete arcs which are
projectively distinct and the complete list of all the dierent automorphism groups of
our complete arcs is given in the third row. (N.B. In row III, G(x) denotes the number
x of our projectively distinct complete 14-arcs whose automorphism group is G.)
Let Si be the set of all smallest complete arcs of PG(2; 29) containing DKai ; i=1; 2:
Let C be the set of all irreducible conics of PG(2; 29): We were also able to prove
that:
(a) jK \ Gj69, for all K 2 Si (i = 1; 2) and for all G 2 C;
(b) for each K 2 Si; there is at most one conic G 2 C such that jK \ Gj= 9;
(c) there are exactly four complete 14-arcs containing DKa1 and seven complete
14-arcs containing DKa2 such that, for each of them, say it K; there exists one
conic in C, say it G; with jK \ Gj= 9;
Furthermore, we found exactly one complete 14-arc   containing DKa1 ; with
 = f(0; 0; 1); (0; 1; 0); (1; 0; 0); (1; 1; 1); (1; 2; 23); (1; 4; 28); (1; 15; 26);
(1; 16; 18); (1; 18; 16); (1; 19; 24); (1; 23; 2); (1; 24; 19); (1; 26; 15); (1; 28; 4)g;
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Table 6
q DKa1 DKa2 q DKa1 DKa2
43 18 17 103 32 32
49 19 19 107 33 33
53 20 20 113 34 34
61 22 22 121 36 36
79 27 27 127 37 37
101 32 32
such that there exist three conics, say C1; C2; C3, respectively, with the following
intersection properties:
3[
i=1
fCi \  g   ; (8)
jCi \  j= 8; for i = 1; 2; 3; (9)
j  \ C1 \ C2 \ C3j= 2; (10)
j  \ Ci \ Cjj= 4; for all i; j 2 f1; 2; 3g; i 6= j; (11)
j(  \ Ci) [ (  \ Cj)j= 12; for all i; j 2 f1; 2; 3g; i 6= j: (12)
It is interesting to note that our conguration f ; C1; C2; C3g is strongly similar to
that we have discussed in Section 2. Finally, we found exactly two complete 14-arcs
containing DKa2 with the intersection properties (8) and (9).
5.2. The projective planes PG(2; q); 436q6127
We computed some very small complete arcs of PG(2; q) containing either DKa1 or
DKa2 , for each q 2 f43; 49; 53; 61; 79; 101; 103; 107; 113; 121; 127g: A detailed presen-
tation of all mentioned results would be very space consuming. A moderate listing is
planned to appear elsewhere together with some new results. The details can be ob-
tained from the authors. Table 6 presents the results of our search listing the smallest
values for the sizes of the obtained complete arcs. It is interesting to note that, for
every q considered, the sizes of our arcs are smaller or equal than the one of all known
complete arcs in the corresponding projective planes (see [2]).
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